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Cau I:(THPT:4,0 diém; GDTX: 4,0 diém) Cho ham sb: Yy =

X—2 @

1. Khao sat su bién thién va v& do thi (C) cia ham sé (1).
2. Viét phuong trinh tiép tuyén caa (C), biét tiép tuyén dé cit duong tiém can dung va tiém can
ngang lan luot tai A, B sao cho AB =+/2IB, vdi 1(2,2).
Cau II:(THPT:5,0 diém; GDTX: 6,0 diém)

2
X—Y)
2X+1+ 2y+1:(
1. Giai h¢ phuong trinh: \/ 2 (x,yeR).

(x+y)(x+2y)+3x+2y =4

sin2x+3tan 2x +sin4x

7 tan2x-sin2x

Cau III:(THPT:4,0 c?‘iém; GDTX:4,0 diem) i

1. Trong mat phang vai hé truc toa do Oxy, cho hinh chir nhat ABCD c6 A(5,—7), diém C thuoc

vao duong thang c6 phuong trinh: X —y+4=0. Puong thang di qua D va trung diém cua doan

AB ¢ phuong trinh: 3x—4y—23=0. Tim toa do cia B va C, biét diém B c6 hoanh d6
duong. , ‘ 7

2. Cho tam giac nhon ABC ndi tiep duong tron (O,R). Goi P,Q lan luot l1a cac diém di dong trén

2. Giai phuong trinh: 2.

cung nhé AB, AC sao cho P,Q,0 thang hang. Goi D, E lan luot 12 hinh chiéu vuéng goc
cia P 1én cac duong thang BC, AB tuong (tng va D',E" lan luot 13 hinh chiéu vudng gbc cia
Q 1én cac duong thing BC, AC. Goi K 1a giao diém cua hai duong thing DE va D'E'. Tim
gié tri 16n nhat cua di¢n tich tam gisc KDD" (theo R).
Cau IV:(THPT:3,0 diém; GDTX:3,0 diém) Cho hinh chop S.ABCD c6 ddy ABCD la hinh chit nhat,
tam giac SAB dcu canh a va nam trong mat phang vudng goc véi day. Goc gitra mat phang (SCD) va
mat phang day bang 60°.
1. Tinh thé tich khdi chép S.ABCD theo a.
2. Tinh khoang cach gitra hai duong thang SA va DB theo a. ’ 7
Cau V:(THPT:2,0 diem; GDTX:3,0 diem) Cho a,b,c la ba so duong. Tim gia tri I6n nhat cta bicu
thirc:
B 1 2
JaZ+b?2+c2+1 (a+1)(b+1)(c+1)
u=_°_
Céu VI:(THPT:2,0 diém) Cho diy sé (u,) duoc xac dinh: { = 2013 .
u’(2-9u_,)=2u.,(2-5u),vn>1

P

u U U, ,
t——++—— Tim limy,.
1-u, 1-u, 1-u,

Xét diy sé V, =



CAU I. KHAO SAT HAM SO VA BAI TOAN LIEN QUAN

. . . 2x—3
Cau I: (THPT:4,0 didm; GDTX: 4,0 diém) Cho ham s6: y =~ ).
1. Khao sét sy bién thién va v& @6 thi (C) cta ham sb (1).
2. Viét phuong trinh tiép tuyén cua (C), biét tiép tuyén do cat duong tiém can ding va tiém can

ngang lan luot tai A, B sao cho AB =+/2IB, vdi 1(2,2).

Loi giai. 1) HS ty lam.

2) Tacd y'= <0 véi moi xe R\{2}.

(x-2)°

Goi M (m; 2m—3) €(C)
m-2

1 2m® —6m+6
X +

(m-2) (m-2)

PTTTcia(C)taiM1a Y="-

k =1(L)

Vi AB=+/2IB va tam gi4c AIB vudng tai | nén IA = IB. Do d6 hé sé gbc cua tiép tuyén {k 1

k=-1<

-1 m=1
>=-1l< B
(m-1) m=3

Suy ra co hai phuong trinh tiép tuyén: y=-x+2; y=-x+6.

Nhan xét. Néu HS khong nhan thiy ring vi AB =+/2IB va tam gidc AIB vuéng tai | nén IA = 1B. Do

k =1(L)

d6 hé sd goc cua tiép tuyén {k thi HS c6 thé 1am theo phwong phap van hay dung khi xét cac

giao diém cua tiép tuyén véi hai tiém can (hoic hai truc toa do) do6 1a tim toa do A va B theo X, va st
dung AB =+/2IB dé c6 phuong trinh giai X, .

Pady la bai todn cho diém va néu HS thdy ddc diém cia tam gidc IAB vudng can thi khéng mat nhiéu
thoi gian, ¢6 thé cé thoi gian dé xir 1y cde bdi todn sau nay.

M@t s6 bai toan twong tu nhu sau:

2x—-3

X—2
cit hai tiém can cua (C) tai hai diém A, B sao cho AB c6 d6 dai nho nhét.

Bai 1. Cho ham s6 y = (C). Tim nhitng diém trén (C) sao cho tiép tuyén véi (C) tai diém do

Loi giai. Taco y' =

<0 véi moi xe R\{2}.

(x-2)°




2%, —3
Goi M(XO; 0—2JE(C)

0
1 X+2x§—6x0+6

(% _2)2 (% _2)2

PTTT ctia (C) taiM 1a (d) 1y =—

0

. , . . 2
Giao diém cua d v6i duong tiém can ding 1a Al 2,2+ .
Giao diém cua d vai duong tiém can ngang 1a A(2%, —2;2).

1
Khi d6 AB? = 4| (x —2)2+—J28.
[ ’ (X —2)°

_ X, =1
Dau bang xay ra khi va chi khi (x,—2)° = % |0
(Xo _2)

Vay ta c6 hai diém can im M, (1;1), M, (3;3).

2x -1

Bai 2. Cho hamsb y = (C). Tim nhitng diém trén (C) sao cho tiép tuyén véi (C) tai diém d6 cat

hai tiém can cua (C) tai hai diém A, B sao cho tam gidc IAB c¢6 chu vi nhé nhat, I 1a giao diém hai
duong tiém can.

HD. Dé ¥ ring IA+IB+IC = IA+IB+IA? +1B? > 2J/IAIB + 2J1AIB, trong d6 1AIB=12. D4u
bing xay ra khi va chi khi IA = IB. Pap s M,(1++/3;2++/3),M,(1-+/3;2—3).



CAU 2A. GIA| HE PHUONG TRINH

2

X-Y)
2x+1+ 2y+1:£———— )
Giai hé phuong trinh: \/ 2 X,yeR

(x+y)(x+2y)+3x+2y=4 (2

Nhén xét. Khi xét hé nay ré rang cdc phirong phdp thé hay dat an phu la khéng thanh. Nhin vao PT(1)
ddy la PT déi xitng, ta nghi dén dwa vé tong va tich, nhwng PT(2) khéng phdi la PT doi xieng. Liic ndy
ta lai nghi dén truc can thire va xudt hién nhédn tir X —y, va hé khong cé nghiém x = y. Sau dé ta dwa vé
hé tam

2
JZX+1+J2y+1:—£%XL

—

J2x+1—42y+1:—jt—
X—y

Pén ddy viéc tim x hodc Y tré nén khé khan. Vi vdy ta chuyén viéc bién doi sang PT(2). Pdy la phwong
trinh bac hai néu xem mét dan la tham sé, ta thir lap A cho phwong trinh nay khi xem x la én va y la
tham sé ta duoc phwong trinh  X°+(3y+3)x+2y’+2y—4=0. Phuong trinh nay co

A=y*-10y+25=(y-5)’. Dén ddy con duong nay chdic chdin kha thi.

Loi gii.
1
X>—=
biéu kién: i
>_=
y 2

X+y-1=0
2 X* +(3y+3)x+2y*+2y—-4=0
@) < ( y ) y y <:{x+2y+4:0

Truong hop x+2y+4=0< x=-4-2y, két hop véi diéu kién yz-% ta co x<-3. Piéu nay trai

X>—=

véi didu kién cua x. Hoac c6 thé thdy voi i thi X+2y+4>0.

>_Z
y 2

Truong hop x=1-vy, tacod

2
(1) <:>«/2x+1+\/2y+1:(x+y)+4xy




2 2
< 2(x+ y)+2+2\/4xy+2(x+y)+1:[(x+ y)2 —4ny

& 8/4xy +3 =(4xy +3)(4xy-5)
4xy +3=0
=
(4xy—5)/4xy+3=8(L) (dol=(x+ y)2 >4xy = 4xy —5<0)

1 3
X+y=1 X=—= |X==
H¢ da cho tuong duong: { 3& 32 Y 2 1
4 y=§ y:—a
Vay h¢ phuong trinh c¢6 2 nghi¢m: (—%;gj, (g,—lj

Xét bai tap twong tu nhu sau:

oo ) VB=3= 2y +1)A7-y)+Jy @ CyeR
- rinh: ,
1AL NG PRUONS TN oy 3y +3)=5(3x+2) )
DOi Véi bai nay thi thdy ngay Xir 1y PT(2) la khén ngoan nhdt.
Lo [x23
bieu kién: 4
{y>0
=-5(L
(2) & y*+(3-3X)y-15x-10=0 < y=->()
y=3x+2

Thay y=3X+2 vao PT(1) ta dugc

VAx—3—+/3x+2 +5(x~5)(18x* + 24x+19) =0
X-=5

= +5(x—5)(18x* +24x+19) =0
JAX=3++/3x+2 (=) )

Phuong trinh nay c¢6 nghiém duy nhat x =5 vi x 2% :

Vay hé c6 nghiém duy nhat (5; 17).




CAU 2B. GIA| PHUONG TRINH LUQNG GIAC

Gidi oh - sin 2x + 3tan 2x +sin4x 2 ()
uon . . =
ap & tan 2x —sin 2x

Diy la cdu dé nhit trong dé thi lan nay.
Loi giai.
cos2x =0

biéu kién: i
tan2x—-sin2x =0

(1) < 3sin2x+tan2x+sin4x =0
<> 3sSIN2XCc0S2X +Sin2X+sin4xcos2x =0

< (cos2x+1)(sin2x+sin4x) =0

i x=" ykr (L)
cos2x 41— 0 cos2x=-1
S2X+1=
S| _ olsin2x=0 < |x=kZ (L)
sindx+sin2x=0 1 2
C052X="7 | x=+Z 1Kz

Phuong trinh c6 cac ho nghiém: x = i%+ kr.
Co thé luyén tap qua bai tap sau:

tanx(tanx+25in x+1)—6cosx =3+sinx (1+tan X.tan gj

cosx =0
Gial. bk: X *)
cos— =0
2
X .. X
COS X COS— +Sin Xsin —
pt < tan x(tan x + 2sin X +1) —6.c0s X = 3+sin X( 2 2)

X
COS XCO0s E

& tan x(tan X+ 2sin X +1) —6.¢cos x = 3+ tan X

< tan® x(1+2cosx) —3(1+2cos x) =0
tan® x =3

=N
1+2cosx=0

tan2X=3<:>X:i%+k7r.

Vay phuong trinh ¢6 2 ho nghiém: x= i%+ k.




CAU 3A. HINH HQC GIAI TiCH OXY

Trong mit phang véi hé truc toa d6 Oxy, cho hinh chir nhat ABCD c6 A(5,-7), diém C thuoc
vao duong thang cé phuong trinh: x—y+4=0. Duong thang di qua D va trung diém caa doan
AB ¢ phuong trinh: 3x—4y—23=0. Tim toa do cia B va C, biét diém B c6 hoanh d6
duong.

Phan tich 101 giai nhanh: Goi C(c; ¢ + 4) , goi M la trung diém AB thi DM dd c¢é phwong trinh. Néu
biéu dién mét diém nao dé trén DM theo 1 an theo ¢ dioc thi bdi todn xong. Piém D ma M khé c6 thé
biéu dién theo ¢, chi ¢é diém I la giao diém ciia DM va AC la duoc vi A dd ¢6 toa do va CI = 2IA.

Léi gidi.

Goi C(c;c+4)ed,: x—y+4=0, M la trung diém AB, I 1a giao diém clia AC va dy: 3x — 4y — 23 =
0. Tur B ké duong thang song song DM cit AC va CD lan luot tai J, K.

Khi d6 CJ =13 = IA. =Cl =2Al =Cl =2IA= | (Cglo;c_sloj.

c+10_40—310_23:()@0:1

Ma | €d, néntaco: 3
Vay C(1;5).

Taco: M ed, =M (t;3t;23j:> B(Zt—S;?’t_z_g)

AB :(2t—10; 3t2+5j, CB :(Zt—G; 3t;19J




t=1
Do Eﬁ:o@4(t—5)(t—3)+%(3t+5)(3t—19)=o@ 29
5

| =5[22
B(—;—j 5'5)

5 5

Binh luan. Bai ndy twong tw bai hinh khéi B 2013 nhw sau:

A. Theo chl,m’ng trinh Chuin

Ciéu 7.a (1,0 diém). Trong mat phang voi hé toa d6 Oxy, cho hinh thang can ABCD
co hai duong chéo vudng goc voi nhau va AD = 3BC. Puong thang BD c6 phuong
trinh x + 2y — 6 = 0 va tam giac ABD co truc tdm la H (-3; 2). Tim toa d¢ cac dinh C

va D.

Goi I 1a giao diém ctiia AC va BD=> IB=IC.

Ma B L IC nén AIBC vudng cén tai = ICB=45".
BH 1 AD = BH 1 BC= AHBC vudng cén tai B

= I 14 trung diém cua doan thing HC.

Do CH L BD va trung diém / ciia CH thude BD nén toa
20x+3)—-(yv-2)=0

+2| -

Taco JE_1B_BC_1_ ip_ 310 =cp=IC?+1D" = ICJ1_=CHJE=SJ§.
"7 ID ID AD 3 T T

Tacé D(6-21:1) va (:D:SJE suy ra (?-2:)%@-@]1:50@{

Do do D(4:1) hodc D(-8:7).

do diém C thoa man hé { x—3 (v+2} 6=0

D 2
Do do C(-1;6).

1

t=17.




CAU 3B - HINH HQC PHANG THUAN TUY

Cho tam giac nhon ABC ndi tiép duong tron (O,R). Goi P,Q lan luot 1a cac diém di dong trén cung
nhé AB, AC sao cho P,Q,O thing hang. Goi D, E lan luot 12 hinh chiéu vudng goc ctia P 1én cac
duong thang BC, AB tuwong ung va D',E' lan luot 13 hinh chiéu vudng géc cua Q 1én cac dudng
thang BC, AC. Goi K 1a giao diém cua hai duong thang DE va D'E'. Tim gia tri 16n nhat caa dién
tich tam giac KDD' (theo R).

Nhén xét. DE, D E’ lan lwot la hai dwong thang Simson cuia P va O déi Véi tam gide ABC, vi P va Q
doi xirng nhau qua O nén géc giita DE va D’E’ bang 90°. Do d6 tam gidc D’KD vuédng tai K. Pady la
diém mau chot dé hinh thanh nén bai todn nay. Tuy nhién, néu khéng biét ching la cdc dwong thang
Simson thi ¢6 thé duw dodn tam gidc D’KD vudng vi bai todn c¢é nhiéu yéu t6 vudng goc va tam gidc
vudng thi méi dé dang tinh dién tich.

Loi giai.

Twong ty phwong phdp tinh géc giita hai dwong thang Simson ta tién hanh ching mink tam gidc D KD
vuong tai K.
Goi H Ia hinh chi€u vudng goc cta K trén BC.

DKH = DKP (KH || PD)
DKP = PBA (tt giac PEBD ndi tiép)

Do d6 DKH = PBA= %sd PA.
, 1
Tuwong ty, D'KH :ESd AQ
Vay DKD'=DKH +D'KH = %Sd PQ =90° (PQ la duong kinh)

Xét hinh thang vuéng DPQD'vuéng tai D va D’ nén DD'<QP =2R, dau “="xay ra khi PQ//BC.

KD?+KD™” _DD” _4R® _
4 4 ~ 4
Vay dién tich 16n nhat cta tam giac DKD'bang R*khi PQ || BC.

Ta co: S=%KD.KD'S R?




MGt Sé tinh chat ciia dwong thang Simson ta nén nhé

. Puong thang Simson cua dinh A cua tam giac la duong cao
ha tor dinh d6, va dwong thang Simson cta diém A’ doi
xung véi dinh A qua tdm O la canh BC cua tam giac.

. Néu P va P'1a cac diém thudc (O), thi cac goc giita hai
duong thang Simson cua P va P bang nta sé do cung PP,
Trong truong hop dic biét, néu P va P> ddi xing nhau qua tdm
O, thi cac duong thang Simson cua ching vudng goc véi nhau
tai mot diém nam trén duong tron chin diém.

. Néu goi H 1a truc tam cua tam gidc ABC, thi dudng thang Simson cua P di qua trung
diém ctia doan PH (trung diém nay nam trén duong tron chin diém).

. Néu hai tam giac cung not tiép (O), thi goc giita hai dudng thang Simson lines cua mot
diém P trén (O) doi véi hai tam giac d6 khong phu thudc vao vi tri cia P trén (O).


http://vi.wikipedia.org/wiki/%C4%90%E1%BB%91i_x%E1%BB%A9ng
http://vi.wikipedia.org/wiki/%C4%90%E1%BB%91i_x%E1%BB%A9ng
http://vi.wikipedia.org/wiki/%C4%90%E1%BB%91i_x%E1%BB%A9ng
http://vi.wikipedia.org/wiki/%C4%90%C6%B0%E1%BB%9Dng_tr%C3%B2n_ch%C3%ADn_%C4%91i%E1%BB%83m
http://vi.wikipedia.org/wiki/Tr%E1%BB%B1c_t%C3%A2m
http://vi.wikipedia.org/wiki/Trung_%C4%91i%E1%BB%83m
http://vi.wikipedia.org/wiki/Trung_%C4%91i%E1%BB%83m

CAU 4. HINH HOC KHONG GIAN

Cho hinh chép S.ABCD c6 day ABCD 1a hinh chir nhat, tam giac SAB déu canh a va nam trong
mat phang vudng goc véi day. Goc gitra mat phang (SCD) va mit phang day bang 60°.
a)  Tinh thé tich khéi chép S.ABCD theo a.

b) Tinh khoang cach giita hai duong thang SA va DB theo a.

Léi gidi.

a) H, K Ian luot 13 trung diém caa AB va CD

a3

Khi d6 SH 1a duong cao caa hinh chop S. ABCD vaSH = —

Géc giita (SCD) va mit day la SKH =60°. Taco BC = HK = SH 5= E Tinh duogc
tan60” 2
Voo = 1228 _ 23
S.ABCD 3 2 ) 2 12

b) Qua A ké dudng thang song song BD cit BC va CD lan luot tai N va O.

_afs

Goi U va X 1an luot 14 hinh chiéu cua B trén ON khi d6 BO = % = BX =

Goi T 12 hinh chiéu cua H trén SU.

d(BD, SA) = d(BD, (SON)) = d(B, (SON)) = 2d(H, (SON)) = 2HT .




1 1 af

Ta co 12: >+ 2:>HT
HT HS HU

.Dod6 d(BD,SA)=

a3
3

Binh luan. Cdu a) la cho diém, cdu b) doi héi HS ndm phwong phdp tinh khodng cdch hai dwong
thang chéo nhau quy vé khodng cdch tir mét diém d@én mét mat phang.

Bai tap twong tu.

Cau 5 (1,0 dlem) Cho hinh chép S.ABCD c6 day la hinh vuéng canh a, mat bén SAB
la tam gidc déu va nim trong mit phang vuéng goc voi mat phing day. Tinh theo a
thé tinh cua khm chop S.ABCD va khoang cach tir diém A dén mat phang (SCD).

a3

Goi H la trung diém cua 4B, suy ra SH | AB va SH ==

Ma (SAB) vudng goc voi (ABCD) theo giao tuyén AB, nén 0.25
SHLABCD). ]
a3
Do do VSABCD__SHSAB(,D_ 6 0925

Do AB || CD va HeAB nén d(A,(SCD))=d(H,(SCD)).

Goi K 1a trung diém cua CD va / 1a hinh chiéu vudong géc 0.25

cua H trén SK. Ta co HK1CD. Ma SH1CD = CDL(SHK)

= CD 1 HI. Do d6 HI L(SCD).

Suy ra d(A,(SCD)) = HI = : ALY 0.25
Jsu?+mk? 7




CAUV - BAT PANG THUC

Cho a,b,c la ba sé duong. Tim gid tri |6n nhdt cia biéu thic:
1 2

P Jeibiscal (arD)(b+D)(c+D)

Binh luan. Pdy la bai bdt dang thire c6 tw twong gidng dé thi PH B — 2013.
Céu 6 (1,0 diém) Cho a, b, ¢ la cac s6 thuc duong. Tim gia tri [én nhat cua biéu thuc:
4 9
P=—— - .
N +b +c +4  (a+b)J(a+2c)(b+2c)

5y -

Ciub.at+tb+ct+2< J4(gz+b2+cz+4)

a+b+4c) 1[4a+b+c)] )
3(ath). \f(a+2c)(b+2c‘)<_i(3a+3b). — EE E— =2(a + btc)
Vay P< 8 - 27 2.E}'z?tttzaer+c,tl‘-‘»~0;J':’Ei—zji=g(r)
a+b+c+2 2(a+b+c) r+2 2t
8 27
(t)y= — +—
g t+2)° ¢
gN)=027(t+2)Y -8C=0=t=6
t 0 6 +00
g'(t) + 0 -
5
t —
g() ‘f’/ffffr < “mmhﬁﬁki
P<g()< g maxP = > xayrakhia=b=c=2.
8 8 C
Loi giai.
2 2, p2 (a+b)2 (C+1)2_1 2 2.1 2
e a’+b’+c’+1> T —E[(a+ ) +(c+1) }Zz(a+b+c+l)

3 3
. (a+1)(b+1)(c+1)£(a+l+b+1+c+1j :(a+b+c+3j

3 3
e Doddo P< 2 - > 3
a+b+c+1 (a+b+c+3)
-2 o4 ;=1 wvsit=a+b+c+l  (t>1)
t (t+2)




t=4
t =1(loai)

f’(t):—t%+£- f’(t):0<:{

(t+—2)4’

f(t) + 0 -

f(t) / \
0 0

a+b+c=3
Gi4 tri 16n nhat cua p-Lkhilacb-c <<a=b=c=1.
c=1




